We show that among all Kollár components obtained by plt blow ups of a klt singularity o ∈ (X, D), there is at most one that is (log-)K-semistable. We achieve this by showing that if such a Kollár component exists, it uniquely minimizes the normalized volume function introduced in [Li15a] among all divisorial valuations. Conversely, we show any divisorial minimizer of the normalized volume function yields such a K-semistable Kollár component. We also prove that for any klt singularity, the infimum of the normalized function is always approximated by the normalized volumes of Kollár components.
Introduction
Throughout this paper, we work over the field C of complex numbers. It has been well known by people working in higher dimensional geometry that there is an analogue between the local object Kawamata log terminal (klt) singularities (X, o) and log Fano varieties as the global counterpart (cf. e.g. [Sho00, Xu14] etc.). From this comparison, since the stability theory of Fano varieties has been a central object in people's study in the last three decades, it is natural to expect there is a local stability theory on singularities. The primary goal of this preprint is to develope such a theory. In another word, we want to investigate singularities using the tools from the theory of K-stability, a notion which was first defined in [Tia97] and later algebraically formulated in [Don02] . We note that this interaction between birational geometry and K-stability theory has been proved to significantly fertilize both subjects (cf. [Oda12, Oda13, LX14, WX14, LWX14, Fuj15] etc.).
For the stability theory of log Fano varieties, a crucial ingredient is the CM weight. Philosophically, the stability of log Fano varieties is equivalent to minimizing the CM weight. In the stability theory of singularities, we fix the singularity (X, o) and look for 'the most stable' valuations v. Thus the first step of establishing a local stability theory for (X, o) would be to find the right counterpart of CM weight in the local setting. In the work [Li15a] , the first named author defined the normalized volume function vol X,o on the space of valuations centered at o, which we believe should be the right invariant. In fact, its derivative at the canonical divisorial valuation over the cone singularity along certain tangent direction gives the the CM weight. So in the local picture, the normalized volume function indeed carries more information than the CM weight! By the above discussion, inspired by the global theory, we focus on studying the valuation minimizing the normalized volume function, which is conjectured to uniquely exist and ought to be thought as the '(semi-)stable' object. This picture is understood well in the case of Sasakian geometry where one only considers the valuations coming from the Reeb vector fields on the torus (e.g. [MSY08, CS15] ). Here we can naturally define the stability of the singularity using the one for the base. However, this requires the extra cone structure. By investigating the minimizer of the normalized volume function on all valuations, our plan, as we mentioned, built on the previous work ([ Li15a, Li15b, LL16] ), is to establish an intrinsic stability which only depends on the isomorphic class of the singularity. To revisit the cone singularity case, in fact it was shown in [Li15b, LL16] that a Fano manifold X is K-semistable, if and only if that among all valuations over the vertex o of the cone C(X) given by a multiple of −K X , the canonical valuation defined to be the one obtained by blowing up the vertex o ∈ C(X) minimizes the normalized volume function. This gives evidence to justify that at least for such singularities, our study is on the right direction.
For an arbitrary klt singularity, there is no direct way to associate a global object. Nevertheless, in differential geometry, when there is a 'canonical' metric, the metric tangent cone around the singularity is the stable object in the category of metric space. With a similar philosophy, we expect the minimizer of the normalized volume function always gives a degeneration to a K-semistable Fano cone singularity in the Sasakian setting, and such degeneration should be provided by the minimizer of vol X,o . In the current paper, we work out this picture in the case that the minimizer is divisorial, by implementing the machinery of the minimal model program (based on the foundational results in [BCHM10] ). So our treatment will be purely algebraic though it is strongly inspired by profound analytic results.
One ingredient we introduce is to define the volume associated to a birational model and then connect it to the normalized volume of a valuation. For studying the divisorial valuations, the class of models which play a central role here are the ones obtained by the construction of Kollár component (cf. [Xu14] ): for an arbitrary n-dimensional klt singularity (X, o), we can use minimal model program to construct a birational model whose exceptional locus is an (n−1)-dimensional Q-Fano variety. We will systematically develop the tools of using Kollár components to understand the normalized local volume and its minimizer. In fact, Kollár components can be considered as the local analogue of special degenerations studied in [LX14] . In the case of Sasakian geometry, one Reeb vector gives a Kollár component if and only if it is rational, i.e., it is quasi-regular.
Therefore, to summarize, the aim of this paper is of twofolds: on one hand, we aim at using the construction of Kollár components to get information of the valuations space, especially the minimizer of the normalized volume functions; On the other hand, in the reverse direction, we want to use the viewpoint of stability to study the birational geometry construction of Kollár components, and search out a more canonical object under suitable assumptions.
We also expect for any klt singularity (X, o), even when the minimizer is not necessarily divisorial, we can still use suitable birational models to degenerate (X, o) to a K-semistable (possibly irregular) Sasakian singularity. However, it seems to involve a significant amount of new technical issues.
In the below, we will give more details.
Kollár components
Definition 1.1 (Kollár component). Let o ∈ (X, D) be a klt singularity. We call a proper birational morphism µ : Y → X provides a Kollár component E, if µ is isomorphic over X \ {o}, and µ −1 (o) is an irreducible divisor S, such that (Y, S + µ −1 * D) is pure log terminal and −S is Q-Cartier and ample over X.
We easily see the birational model Y is uniquely determined once the divisorial valuation S is fixed, and if we denote (K Y + S + µ −1 * D)| S = K S + ∆ S , then (S, ∆ S ) is a klt log Fano pair.
Given any klt singularity (X, o), after the necessary minimal model program type result is established (see [BCHM10] ), we know that there always exists a Kollár component (see [Pro00] or [Xu14, Lemma 1]), but it is often not unique (nevertheless, see the discussion in 7.1.4 for some known special cases for the uniqueness). From what we have discussed, instead of an arbitrary Kollár component, we want to study those which are 'more stable', and show if it exists, it provides a more canonical object. Indeed, we prove that if there is a K-semistable Kollár component, then it gives the unique minimizer of vol(X, o) among all Kollár components.
Compared to the global theory of degeneration of Fano varieties, this fits into the philosophy that K-stability provides a more canonical degeneration(cf. [LWX14, SSY16] ) and it should minimize the CM weight among all degenerations. But one surprising thing to us is that K-semistability is enough, instead of K-polystability which was required in the global setting.
The following theorem is our main theorem. Moreover, such a minimizing divisorial valuation is unique.
More precisely, we will prove Theorem 1.2 by proving the following four theorems. For each of them, we need somewhat different techniques.
First we prove Theorem A. If o ∈ (X, D) is an algebraic klt singularity. Let S be a Kollár component over X. If (S, ∆ S ) is (log-)K-semistable. Then vol X,o is minimized at the valuation ord S .
This extends the main theorem in [LL16] from cone singularities to the more general setting. For the proof, we indeed degenerate a general singularity to a cone singularity induced by its Kollár components. However, instead of degenerating the valuation, we degenerate the associated ideals and then use the result in [Liu16] . An extra subtlety is to treat the case of the cone singularity, we can not directly use [LL16] as there they only proved the result for the cone singularity over an analytic K-semistable Q-Fano variety, which we still do not know to be equivalent to the algebraic definition. As a redemption, we first show that it suffices to concentrate on the equivariant data and then use [Li15b] to finish the argument. In Section 7, we use this criterion to find minimizers for various examples of singularities including: quotient singularities, A k and E k singularities etc.
Next, we turn to the result on the uniqueness.
for any other divisorial valuation T . This is done by a detailed study of the geometry when the equality holds. In the cone singularity case, we investigate the equality condition in the calculation in [Li15b] . It posts a strong assumption which enables us to compute the corresponding invariants including nef thresholds and pseudo-effective thresholds. The argument is partially inspired by the work in [Liu16] . Once this is clear, the rest follows from a simple application of Kawamata's base point free theorem. And the general case can be again reduced to the case of cone singularity using a degeneration process. Now we consider the converse direction. For any klt singularity, a minimizer of the normalized volume function always exists by [Blu16b] . The following theorem says that if a minimizer is divisorial, it always yields a Kollár component. We indeed prove slightly more for a general rational rank 1 minimizer.
Theorem C. Given an arbitrary algebraic klt singularity o ∈ (X, D) where X = Spec(R). Let v be a valuation that minimizes vol X,o . Assume the valuation group of v is isomorphic to Z, i.e., v has rational rank one, and one of the following two assumptions holds 1. v is a multiple of a divisorial valuation; or 2. the graded family of valuative ideals
is finitely generated, i.e., there exists m ∈ N such that a mk = (a m ) k for any k ∈ N.
Then up to a rescaling, v is given by the divisorial valuation induced by a Kollár component S.
The fact that the assumption 1 above implies v is given by a Kollár component is also independently proved in [Blu16b] . We note that a minimizer is conjectured to be quasimonomial ((cf. [Li15a, Conjecture 6.1.3])) and the graded family of valuative ideals for a minimizer of the normalized volume function is conjectured to be always finitely generated (cf. [Li15a, Conjecture 6.1.5]). So granted any one of these two conjectures, this result should presumably characterize all the cases with minimizers of rational rank 1. The proof uses the definition of the volumes of a model, and run the decreasing process of the volumes given by the minimal model program as in [LX14] .
Next we turn to the stability of the minimizer. By using the techniques from the toric degeneration (see [Cal02, AB04, And13] ) and the relation between CM weight and normalized volumes, we will prove Theorem D. We use the same notation as in Theorem C. Let µ : Y → X be the morphism which extracts S, and write
Approximation
In a different direction, we also obtain results which describe the minimizer of the normalized volume function from the viewpoint of Kollár components. We show for a general klt singularity, although the minimizer of its associated normalized volume function might not be given by a Kollár component, but we can always approximate it by a sequence of Kollár components. Here Val X,o consists of all valuations centered at o, and is endowed with the weakest topology as in [JM12, Section 4.1].
Equivariant K-semistability
By relating a Fano variety and the cone over it, we can compare the calculation in [Li15b] for a cone and [Fuj16] for its base. Then an interesting by product of our method is the following theorem. Theorem 1.4. Let T ∼ = (C * ) r be a torus. Let (V, ∆) be a log Fano variety with a T -action. Then (V, ∆) is K-semistable if and only if any T -equivariant special test configuration S → A 1 of (V, ∆) has its generalized Futaki invariant Fut(V) ≥ 0.
When S is smooth and ∆ = 0, this follows from the work of [DS15] with an analytic argument. Our proof is completely algebraic. It again uses the techniques of degenerating any ideal to an equivariant one and showing it has a smaller invariant.
The paper is organized in the following way: In Section 2, we give some necessary backgrounds. In Section 3, we introduce one key new tool: the volume of a model. By combining the normalized volume function on valuations with the local volume defined in [Ful13] , and applying minimal model program, we prove Theorem 1.3 and Theorem C. In Section 4, we prove Theorem A, by connecting it to the infimum of lct(X, D; a)
n · mult(a) for all m-primary ideals a centered on o. We note that this latter invariant indeed has also been studied in other context (cf. [dFEM04] ). In Section 5, we prove Theorem B. We first prove it for the cone singularity case, using heavily the ideas and calculations in [LL16] . Then we use a degeneration argument to reduce the general case to the case of cone singularities. In Section 6, we prove Theorem D, which verifies the K-semistability of a minimizing Kollár component. In Section 7, we give some examples on how to apply our techniques to calculate the minimizer for various classes of klt singularities.
History: Since [Li15a] , the study of the minimizer of the normalized volume function moves forward rapidly. Our preprint is inspired by the earlier work of [Li15a, Li15b] and [LL16] . It also uses ideas from [Liu16] , which is written in the same period as the first version of our preprint. After we posted our preprint, the existence of the minimizer is completely settled in [Blu16b] . Inspired by this work, in the revision, we improve our work by showing that for a C * -equivariant singularity, we only need to consider the equivariant valuations for minimizing the normalized local volume. We also include his result on the existence of the minimizer in the exposition. In particular, this allows us to stay with the algebraic definition of K-semistability. Another major improvement we achieve in the revision is that we can indeed show that any Kollár component which minimizes the normalized local volume is always K-semistable.
Preliminary
Notation and Conventiones: We follow the standard notation in [Laz04a, KM98, Kol13] . A log Fano pair (X, D) is a projective klt pair such that −K X − D is ample.
For a local ring (R, m) and a an m-primary ideal, we denote by l R (R/a) the length of R/a.
For the K-semistability of a log Fano pair, see [Tia97, Don02] (also see [Oda13, LX14] ).
Normalized volume
Let (X, o) be a normal algebraic singularity and v ∈ Val X,o , which is the space of all valuations centered on o. Let D ≥ 0 be a Q-divisor such that K X + D is Q-Cartier. We can define the volume vol X,o (v) and the log discrepancy A X,D (v) (if the context is clear, we will abbreviate it as vol(v) and A(v)) following [ELS03] and [JM12] (see e.g. [Li15a, Section 1.1]). In particular, if S is a divisor with center on X to be o, we have
the same as the standard log discrepancy.
Definition 2.1. Notation as above. We denote the normalized volume by
Recall that it was conjectured that vol(v) achieves the minimum at a valuation v ∈ Val X,o . In [Li15a] , it is showed that the space
for any constant C > 0 forms a compact set. However, in general the volume function vol is only upper continuous on Val X,o although we expect it is continuous at a minimizer of vol.
Proof. The valuation v determines a sequence of graded ideas
By [Mus02] , we know that for any > 0, there exists a sufficiently large k such that
Since R is Noetherian, we know that there exist finitely many generators f p (1 ≤ p ≤ j) of a k = (f 1 , ..., f j ). As v(f p ) ≥ k, we know that for any δ, there exists sufficiently large i 0 such that for any 
Proof. We prove it by contradiction. Assume this is not true, we fix g ∈ R such that
Denote by r = l − s > 0. Fix k ∈ R >0 . Consider
So b k ⊂ a k , and we want to estimate the dimension of
Fix a positive integer m < k l and a set
are C-linear independent in a k /b k . Granted this for now, we know since vol(v) > 0, then lim sup
Now we prove the claim.
Step 1:
m ∈ a k .
Step 2: If
where there exists c j ∈ C, such that
and some h m = 0. Consider the maximal m, such that h m = 0. Since
where the third inequality follows from that
However, we have
which is a contradiction.
Several results in our work depend on a relation between the normalized volume and some normalized multiplicity. The latter quantity was first considered in the smooth case in [dFEM04] , and since then it has been studied in many other work, including positive characteristic versions (see e.g. [TW04] ). Its relevance to the normalized volume appeared in [Li15a, Example 3.7] . We have the following more precise observation in [Liu16] .
where on the left hand side the infimum runs over all the valuations centered at o, and on the right hand side it runs over all the m-primary ideals. Moreover, the left hand side can be replaced by inf v∈Div X,o vol X,o (v) where Div X,o denotes the space of all divisorial valuations with center at o.
For the reader's convenience we provide a sketch of the proof.
Proof. We first use the same argument as in [Li15a, Example 2.7]) to prove that the left hand side is greater or equal to the right hand side. For any real valuation v, consider the graded family of valuative ideals
Then v(a k ) ≥ k and we can estimate:
Since for a • = {a k } is a graded family of m-primary ideals on X,
(see e.g. [ELS03, Mus02, LM09, Cut12]), as k → +∞, the left hand side converges to vol(v) and we get one direction.
For the other direction of the inequality, we follow the argument in [Liu16] . For any mprimary ideal a, we can choose a divisorial valuation v calculating lct(a). Then v is centered at o. Assume v(a) = k, or equivalently a ⊆ a k (v). Then we have a l ⊆ a k (v) l ⊆ a kl (v) for any l ∈ Z >0 . So we can estimate:
As l → +∞, then again the right hand side converges to
So we have proved the right-hand-side is bigger than the left-hand-side in (1). The last statement follows easily from the above proof.
In a very recent preprint [Blu16b] , it is proved that a minimizer always exists. We also have the following straightforward lemma.
Properties of Kollár component
Proof. For any k ≥ 0, we have an exact sequence,
Because −S is ample over X, we have the vanishing
from which we get
.
So we get the identity:
Then the result follows easily from the Hirzebruch-Riemann-Roch formula. 
Conversely, if X → X is Galois with Galois group G, then any G-invariant Kollár component S over o ∈ (X , D ) is the pull back from a Kollár component over o ∈ (X, D).
Proof. The first part is standard. In fact, denote by
then (T, ∆ T ) is klt, which by Kollár-Shokurov connectedness theorem implies that T = S .
For the converse, let
, we know that (X , D + µ * H G ) is G-invariant, and there exists a Q-divisor H X ≥ 0, such that
Therefore, (X, D + H X ) is plt, and its unique log canonical place is a divisor S which is a Kollár component over o ∈ (X, D) whose pull back gives the Kollár component S over o ∈ (X , D ).
We prove a change of volume formula for Kollár components under a finite map.
Lemma 2.10. With the same notation as in Lemma 2.9, then
where d is the degree of X → X.
Proof. Since the pull back of S is S which is irreducible by Lemma 2.9, let the degree of S → S be a and the ramified degree be r, we have
(see [KM98, 5.20] ). By Lemma 2.7, we know that
where for the third equality we use the projection formula of intersection numbers.
Deformation to cone
and the d-th truncation
Now we give a more geometric description of Spec(T ) and Spec(T (d) ) using the idea of degenerating o ∈ (X, D) to an (orbifold) cone over the Kollár component S. Assume µ : Y → X is the extraction of the Kollár component S of (X, o).
has the exceptional divisor S × A 1 . The divisor S is not necessarily Cartier, but only QCartier. Thus we can take the index 1 covering Deligne-Mumford stack π : Y → Y for S. So π is isomorphic over Y \ S and π * (S) = S is Cartier on Y. We consider the deformation to the normal cone construction for S ⊂ Y. More precisely, we consider the blow up
Denote by E the exceptional divisor of π 1 and by T the strict transform of S × A 1 . We note that E has a stacky structure along the 0 and ∞ section, but a scheme structure at other places. Then T ⊂ Z is a Cartier divisor which is proper over A 1 and can be contracted to a normal Deligne-Mumford stack Ψ 1 : Z → W and in this way we get a flat family W → A 1 such that W t ∼ = X and W 0 ∼ =C ∪ Y 0 , where Y 0 is the birational transform of Y × {0}. To understand C if we denote by Z 0 := Z \ Y 0 , then the fiber Z 0 over 0 is isomorphic to C which is an affine orbifold cone over S with the polarization given by O Y (−S)| S . Moreover,C is the projective orbifold cone completing C.
We denote by C and C (d) the underlying coarse moduli space of C and C (d) . We also denote S to be the coarse moduli space of S.
Applying the exact sequence,
by the Grauert-Riemenschneider vanishing theorem, we get:
Notice that the right hand side is equal to:
In particular, C = Spec(T ). Similarly,
, and we know that
where C D is the intersection ofC with the birational transform of D × A 1 and C
D is the cone over ∆ S .
Filtrations and valuations
Assume F is a Z-graded filtration on R. We have the Rees algebra and extended Rees algebra:
and the associated graded ring:
Assuming R is finitely generated, X := Spec C[t] (R ) can be seen as a C * -equivariant flat degeneration of X into X 0 = Spec C (R /tR ) = Spec C (gr F R). Denote E = Proj(gr F (R)), X = Proj R R. Then the natural mapX → X is the filtered blow up associated with the F such that E is the exceptional divisor. MoreoverX can be seen as a flat deformation of a natural filtered blow up on X 0 . Indeed following [TW89, 5 .15], we have a filtration F on R :
The objects associated to the corresponding Rees algebra and graded algebra over R are:
Then we have the following commutative diagram (see [TW89, Proposition 5.17]):
There is a natural C * -action on X 0 associated to the natural N-grading such that the quotient is isomorphic to E.
R /tR . Now we assume furthermore that E is a normal projective variety. This implies both R and R are normal (see [TW89] ). Let P be the unique minimal prime ideal of R over J that corresponds to E, and w the valuation of K(t) attached to P. Then the restriction of w to R is equal to b · ord E . Assume a = w(t). Thus the filtration F is equivalent to the filtration that is given by:
Remark 2.11. There is a general Valuation Theorem about the relation between finitely generated filtrations and valuations proved by Rees for which we refer the reader to [Ree88] . See also [BHJ15] .
Volume of models
One very useful tool for us to study the minimzer of the normalized local volume is the concept of a local volume of a model. It is this concept which enables us to apply the machinery of the minimal model program to construct different models, especially those yielding Kollár components.
Local volume of models
In this section, we extend the definition of volume to models in the 'normalized' sense. We use the concept of local volumes as in [ELS03, Ful13] . Let us first recall the definition, which is from [Ful13] . 
for sufficiently divisible m.
where k is sufficiently divisible and
Proof. This follows from [Ful13, Remark 1.1(ii)] (see also [Ful13, Remark 1.31 and 1.32]).
The right hand side of the above display is also the volume vol(a • ) defined in [ELS03, Definition 3.1, Proposition 3.11]. In particular, given a prime divisor D over o with log discrepancy a, then we see that
We mainly combine the above definition with the following construction.
Definition 3.4. For a klt pair (X, D) with an idea a, we denote by c its log canonical threshold lct(X, D; a). We say µ : Y → X is a dlt modification of (X, D + c · a), if
where E is the reduced divisor on Ex(µ);
By the argument in [OX12] , we know that it follows the MMP result in [BCHM10] that the dlt modification of (X, D + c · a) always exists. More precisely, we can choose general elements
We do not need property 3 in our argument, but it seems to us it is natural to require this by comparing with [Kol13, Theorem 1.34].
Lemma 3.5. We can indeed assume that
Proof. Since (X, D) is klt, we know that
Running an MMP with scaling by an ample divisor, we obtain a relative minimal model Y Y of
So we have
and hence
Y also gives a minimal model of the dlt pair
. We can also generalize Lemma 2.7 to the dlt case.
Lemma 3.6. In the setting of Definition 3.3, if we assume that
then we conclude by dividing m n in both sides.
Lemma 3.7. Let a be an m-primary ideal, we define c = lct(X, D; a) and (Y, E) → X be the dlt modification of (X, D + c · a). Then
, where E is the reduced divisor on Ex(µ). If we denote the vanishing order of µ * a along G i by m i , then since c is the log canonical threshold and for every i, G i computes the log canonical threshold, we know that
but this follows Lemma 3.2.
Lemma 3.8. Notations as above. Then there exists a Kollár component S, such that
Proof. It follows from Proposition 2.6 that we can choose a model W → Y and run MMP to obtain W Y , such that Y → X gives a Kollár component S with a(Y, E; S) = −1. If we fix a common resolution p :
is q-nef and q-exceptional. By the negativity lemma, we get
Approximating by Kollár components
With the above discussions, we can start to prove our theorems.
Proof of Theorem 1.3. By Proposition 2.4, we know
By the above construction in Lemma 3.7 and 3.8, for any m-primary ideal a, we know that there exists a Kollár component S, such that
This finishes the proof of the first part of Theorem 1.3.
We continue to prove the second part of the theorem. Let {a k } k∈Φ be the associated graded family of valuation ideals induced by v where Φ ∈ R is the value semigroup. For each a k (k ∈ Φ), we denote by
Assume the model we obtain from Lemma 3.8 is Y k with the Kollár component S k . We consider the valuation
By [JM12] , we know
Then by the Izumi type estimate in [Li15a, Proposition 1.2], we know that
for some positive constant c and all k. 
as A X,D is lower semicontinuous (see [JM12, Lemma 5 .7]). We claim for any f , we have
and this clearly implies that
Let k = k j in the previous construction, then
The fourth arrow is because if f l ∈ a kj , then f l vanishes along m kj ,i E i ; and the fifth arrow is because that
and the pull back of
Proposition 3.9. Let o ∈ (X, D) be a klt singularity. Let a and b be two positive numbers.
Then the subset K a,b of Val x,X which consists of all valuations with
Proof. Let {v i } be a sequence contained in K. Let {a i,k } be its associated graded valuative ideals for k ∈ Φ i . We can find a countably generated field F ⊂ C, such that R = Spec(R F )× F C for some finitely generated F -algebra R F and D, x are defined over F . Furthermore, we can assume for each pair (i, k),
By our definition, we know that
, Val x,X F has the same topology as a set of some Euclidean space, thus (K a,b ) F is sequential compact as it is compact by [JM12, Proposition 5.9]. Therefore after passing through a subsequence, (v i ) F has a limit (v ∞ ) F , which can be extended to a valuation v ∞ := (v ∞ ) F ⊗ C. In fact, v ∞ is defined as follows: for any f ∈ R it can be written f = m j=1 f j ⊗ F h j such that 0 = f j ∈ R and h 1 , ..., h m ∈ C are linearly independent over F , then
To see that for any f , v ∞ (f ) = lim v i (f ), we know for some j,
For another direction, if we have a subsequence of i, such that lim
, after passing to a subsequence again, we can find a j, such that
As Example 7.2 shows that for a general klt singularity (X, o), the minimum is not always achieved by a Kollár component. Thus we have to take a limit process. However, if the minimizer v has rational rank 1, then it should always yield a Kollár component. First we have the following result which is inspired by the work in [Blu16a] . We note that it is also independently obtained in [Blu16b] .
Lemma 3.10. If E ∈ Val X,o such that ord E minimizes vol(X, D). Then the Rees algebra associated to ord E is finitely generated.
Proof. If we let {a • } be the graded valuative ideas associated to ord E , then we know that
by Proposition 2.4 and our assumption that ord E is a minimizer of vol(X, D). So we conclude that (see [Mus02] )
which we denote by c. Therefore, we can choose sufficiently small, such that the discrepancy a(E; X, D + (1 − )c · a • ) ∈ (−1, 0), On the other hand, we know
So for sufficiently large m, we know that for all G, the discrepancy
We
In particular, we can apply [BCHM10] to obtain a model µ : Y → X such that Ex(µ) = E and −E is µ-ample, which implies the finite generation.
Proof of Theorem C. Applying Lemma 3.10, the assumption in Case 1 which says v is a divisorial valuation implies the assumption in Case 2, thus we only need to treat the Case 2.
By the proof of Proposition 2.4, we know that if we let a k be the ideal of elements with values at least k, then
By the finite generation assumption, we know that a kl = a l k for sufficiently divisible k and any l. So replace k by kl in the above display and let l → +∞, we know that
Take µ : Y → X to be the dlt modification of (X, D + lct(X, D, a k ) · a k ) as given in Lemma 3.5. The above discussion then implies that 
is a klt pair for sufficiently small. The assumption that Y and Y are not isomorphic in codimension 1 implies Y c = Y . Take p :Ŷ → Y and q :Ŷ → Y a common log resolution, and write
By negativity lemma (cf. [KM98, 3.39]), we conclude that G ≥ 0. Since
where F i runs over all divisor supports onŶ o :=Ŷ × X {o}, and −L λ |Ŷ o is nef. Define
Since Y Y are not isomorphic incodimension 1, it must contract some component G 1 of E, and the coefficient of
With all this discussion, we also obtain the following result, which characterizes the equality condition in Proposition 2.4 and is a corresponding generalization of [dFEM04, Theorem 1.4] (see Remark 3.12) for smooth point. See [Laz04b, 9.6] for more background. is a model µ : Y → X which only extracts a Kollár component S of (X, D) such that ord S is a minimizer of vol X,o . Now we fix an ideal a such that
and S is the Kollár component we obtain as above. Let µ * a have the vanishing order m along S. Since S is Q-Cartier, then let k be a positive integer such that mkS is Cartier. We claim that µ
Granted this for now, then we know that Y coincides with the normalized blow up X + → X of a k , i.e., S is the only associated Rees valuation for a k . To see the claim, since −mkS is Cartier, we know that
we know that
, we can easily see the above inequality is contradictory to the assumption that lct n (X, D; a) · mult(a) = vol(ord S ).
Here the inequality in the fourth row comes from a similar but easier calculation as in the proof of of Theorem C.
For the converse direction, since a reaches the minimum if and only if a k reaches the minimum, then we can replace a by a k and assume its only associated Rees valuation is ord S , i.e., we know that the normalized blow up µ : X + → X, has the property that µ * (a) = O X + (−mS). Then the valuative ideal . We claim that
and this immediately implies that
To see the claim, if we denote by J (a k ) = J (X, D; a k ) the multiplier ideal, then we know that
by the local Skoda Theorem [Laz04b, 9.6.39]. On the other hand, since (X, D) is klt, we have
thus we are done.
Remark 3.12. In the proof, we indeed show that for any k such that mkS is Cartier on Y , the integral closure a k coincides with the valuative ideal a mk of ord S .
4 K-semistability implies minimum
Degeneration to initial ideals
Let (X, o) = (Spec(R), m) be an algebraic singularity such that (X, D) is klt for a Q-divisor D ≥ 0. Denote by m the maximal ideal of o ∈ X. Suppose b is an m-primary ideal on X. We consider its flat degeneration W/A 1 where W is the underlying coarse moduli space of W defined in Section 2.3. We keep the notation in Section 2.3 and denote by v 0 the valuation ord S . Next we will describe explicitly a way of obtaining an ideal B on X such that B⊗O X×C * = b and B ⊗ O C ∼ = in(b) by considering the closure of b × C * on the pull back Z. For this we consider the extended Rees algebra (see [Eis94, 6 .5]):
Notice that if k ≤ 0, then a k = R. It is well known that:
Geometrically this exactly means W = Spec(R ) and
Notice that there is a natural G m -action on R given by the Z-grading. For any f ∈ R, supposing v 0 (f ) = k then we definẽ
and denote
where we use [f ] a to denote the image of f in R/a. Then we define the ideal B to be the ideal in R generated by {f ; f ∈ b}, and in(b) the ideal of T generated by {in(f ); f ∈ b}. The first two items of the following lemma is similar to (but not the same as) [Eis94, Theorem 15.17] and should be well known to experts. Notice that here we degenerate both the ambient space and the ideal. A version of the equality (4) was proved in [Li15b, Proposition 4.3].
Lemma 4.1.
1. There are the identities:
The C[t]-algebra R /B is free and thus flat as a C[t]-module.
In particular, we have the identity of dimensions:
3. If b is m R -primary, then in(b) is an m T -primary homogeneous ideal.
Proof. The statement (1) follows easily from the definition.
Next we prove (2). Denote by
We want to show that
We first verify that A is a linearly independent set. To prove this, we just need to show that A is a C[t, t −1 ]-linearly independent subset of (R/b)[t, t −1 ]. It is then enough to show that
is C-linearly independent, which can be verified directly as in [Li15b,  So we just need to show that A spans R /B. Equivalently, we need to show that for any f ∈ R, [f ] = [f ] B ∈ R /B is in the C[t]-span of A . This can be shown again with the help of A in (5), that is, it is enough to prove that A C-spans R/b. Indeed, assuming the latter, for any f ∈ R, there exists a linear combination g = i,k c ik f
Because t −m h ∈ B, the above indeed implies [f ] is in the C[t]-span of A . To prove that A indeed C-spans R/b, we first claim that the following set is finite: 
So we get: 
If in(f
and hence [f − g] is in the span of A by the maximal property of k.
To prove part 3 of the Lemma, we need to show that there exists N ∈ Z >0 such that m Proof. We need to show that: 
Proof. By the flatness of B and the lower semicontinuity of log canonical thresholds, we have lct(b k ) ≥ lct(in(b k )). Therefore, by (4)
Taking limits as k → +∞, we then get the inequality (6).
Equivariant K-semistability and minimizing
In this section, we will take a detour to show the discussion in Section 4.1 can be used to study the equivariant K-semistability. Here for a Q-Fano variety (X, D) with an action by an algebraic group G, we call it G-equivariantly K-semistable (resp. Ding semistable) if for any G-equivariant test configuration, its generalized Futaki (resp. Ding) invariant is nonnegative. Let T = (C * ) k be a torus. First we improve the two approximating results to the equivariant case.
Lemma 4.4. Let (X, o) = (SpecR, m) and D ≥ 0 a Q-divisor, such that o ∈ (X, D) is a klt singularity. Assume x ∈ (X, D) admits a T -action. Then we have
where on the left hand side the infimum runs over all the valuations centered at o, and on the middle it runs over all the T -equivariant m-primary ideals; and at the end, it runs over all T -equivariant Kollár components.
Proof. Let {a • } = {a k } be a graded sequence for an m-primary ideal a. The discussion in Section 4.1 implies that for {b
we conclude the first inequality as a corollary of Proposition 2.4.
For the second equality, we just need to show that the construction in Section 3.1 can be established T -equivariantly. This is standard, which relies on two facts: first, we can always take an equivariant log resoltuion of (X, D, a) (see [Kol07] ); second, as T is a connected group, for any curve C in a T -variety and any t ∈ T , t·C will always be numerically equivalent to C; as the minimal model program only depends on the numerical class [C], we know that any MMP sequence is automatically T -equivariant. Therefore, for any T -equivariant m-primary ideal a, we can find a T -equivariant dlt modication Y → X and then a T -equivariant Kollár component S, such that
In the below, we also need use the main idea from Fujita's work (see [Fuj15, Fuj16] ).
Proposition 4.5 ([Fuj16]
). Let (V, ∆) be an (n − 1)-dimensional log-Fano pair which is Tequivariantly log-Ding-semistable. Let δ be a positive rational number such that −δ −1 (K V + ∆) is Cartier. Let I M ⊂ · · · ⊂ I 1 ⊂ O V be a sequence of T -invariant coherent ideal sheaves and assume
and let
Assume that L is semi ample over C. Then (V, D; L) is naturally seen as a (possibly nonnormal) semi test configuration of (S, ∆; −δ
) must be sub log canonical, where
The following argument is essentially in [Li15b] . Proof. First we assume (S, ∆) is (n − 1)-dimensional log-K-semistable and prove the volume minimizing. By Lemma 4.4, we only need to prove that for any
where
Then the volume is defined to be
By [Li15b, (18)], we get a formula for vol(v):
Then we consider the following function
Φ(λ, s) satisfies the following properties:
1. For any λ ∈ (0, +∞), we have:
2. For any λ ∈ (0, +∞), Φ(λ, s) is continuous and convex with respect to s ∈ [0, 1].
3. The directional derivative of Φ(λ, s) at s = 0 is equal to:
. By Item 1 and 2, we just need to prove Φ s (λ * , 0) ≥ 0. Letv = v| C(S) be the restriction of v under the inclusion C(S) → C(X). It is known thatv = b · ord E where b > 0 and ord E is a divisorial valuation on C(S).
Using Adjunction formula, it is easy to show that:
By change of variables we get:
So we get:
By the valuative criterion of (log-)K-semistability derived in [Li15b, Fuj16, LL16] , we get Φ s (λ * , 0) ≥ 0 (see e.g. Proposition 4.5).
Conversely the statement follows immediately by the valuative criterion for log-K-semistability in [Li15b, Fuj16, LL16] by choosing a family of valuation v s emanating from v 0 = ord S in the direction of ord E as in [Li15b, Section 7] .
Remark 4.7. The fact that K-semistability implies the canonical valuation is a minimizer was proved in [LL16] , where (V, ∆) is assumed to be analytic K-semistable, i.e., if there exists a special test configuration (X , D) that degenerates (X, D) to a log Fano (X 0 , D 0 ) with a conic Kähler-Einstein metric. If (V, ∆) is analytic K-semistable, then we know (V, ∆) is K-semistable. The converse implication conjecturally true, and known for smooth X when D = 0 (see [CDS15, Tia15] ).
With all the techniques we have, we can prove Theorem 1.4.
Proof of Theorem 1.4. Let (X, D) be a cone of −r(K V + ∆) over (V, ∆) for some sufficiently divisible positive integer r. And we consider the minimizing problem of the normalized local volume at the T -singularity o which is the vertex. We aim to show that if (V, ∆) is T -equivariantly K-semistable then ord V minimizes vol X,D .
Following the proof of Lemma 4.4, by degenerating the ideal r times, we can find a sequence of T -equivariant ideals {a} i∈I such that
Then using the equivariant resolution and running an MMP process, we can find a sequence of T -equivariant Kollár components S i such that
Since we assume that for any T -equivariant special degeneration of (S, ∆), the generalized Futaki invariant is non-negative, and for special test configuration, the generalized Futaki invariant is the same as Ding invariant, we know that the Ding invariant for any T -equivariant special test configuration is non-negative. Using the fact that MMP decreases Ding invariant (see [Fuj16, Corollary 3 .4] and its proof), we know this implies that the Ding invariant for any T -equvariant test configuration is nonnegative.
Then for any T -equivariant Kollár component S i , we consider v = ord Si ∈ Val X,o . Denote its induced divisorial valuation b · ord E on S. Restricting the calculation in [Fuj16] to the equivariant setting, we conclude that
Running the construction as in the proof of Proposition 4.6, then we know that Φ s (λ * , 0) ≥ 0 which gives that vol(v * ) ≤ vol(ord Si ).
This implies that the canonical component is a minimizer which then implies that (V, ∆) is K-semistable by Proposition 4.6 . 
Proof of Theorem
Proof. Using the result in [JM12] , we have
By Proposition 2.4, it suffices to show that vol C,C∆,o (ord S ) is equal to
for v runs over valuations centered on o.
It follows from Proposition 4.6 that if we choose d sufficiently divisible, such that C (d) = C(S, H) is constructed as the cone over S with some ample Cartier divisor H proportional to −(K S + ∆ S ), then the canonical valuation ord S is a minimizer of vol
. By Proposition 4.9, this implies the same for C.
Proposition 4.9. Under the above notation, vol (C,C D ) minimizes at ord S if and only if
is a fiberwise map and the Galois group G = defn Z/d is a natural subgroup C * . Let E be a Kollár component over C (d) , by Lemma 2.9 we know h * (E) is a Kollár component over C, and it follows from Lemma 2.10 (or [Li15b, Lemma 6.9]) that d · vol(ord E ) = vol(h * E).
So if ord S minimizes vol C,C∆ , then the corresponding canonical valuation also minimizes vol
. For the converse, let E be a T -invariant Kollár component over C, since it is G-invariant, by Lemma 2.9 we know it is a pull back of a Kollár component F over C (d) . If the canonical valuation minimizes vol We also know that
Combining all the above, we know that for any ideal b on X, if we let
where the last two inequalities follow from Lemma 4.3 and 4.8. Thus we conclude that
where the second equality follows from Proposition 2.4.
Uniqueness
In this section, we will prove Theorem B about the uniqueness of the minimizers among all Kollár components. There are two steps: first we prove this for cone singularities; then for a general singularity, we combine the deformation construction with some results from the minimal model program to essentially reduce it to the case of cone singularities.
Case of cone singularity
We first settle the case of cone singularities. It can be proved using Proposition 5.9 and [Li15b, Theorem 3.4]. Here we give a different proof, which analyzes the geometry in more details. A similar argument in the global case appears in the proof of [Liu16, Theorem 3], where a characterization of quotients of P n is given by achieving the maximal possible volumes among all K-semistable Q-Fano varieties with only quotient singularities.
Let (V, ∆) be an (n − 1)-dimensional log Fano variety and −(K V + ∆) = rH for an ample Cartier divisor H and r ≤ n. Assume X 0 := C(V, H) is the affine cone over the base V with the vertex o and let X be the projective cone and D be the cone divisor over ∆ on X. In the below, for a variety •, we denote the product • × A 1 by • A 1 . Consider a Kollár component S over o ∈ (X, D) with the extraction morphism µ :
be the extraction of S A 1 . We carry out the deformation process in Section 2.3 with respect to S. Here X is a projective variety instead of a local singularity, but the construction is exactly the same. We denote by Z (resp. W ) the coarse moduli space of Z (resp. W), so there are morphisms,
Then we have the following equalities:
The first two equalities imply:
This implies:
for the cone construction, so we get:
where ρ : W → X the composite of π : W → X A 1 with the first projection X A 1 → X.
Remark 5.1.
As in [LL16]
, we define the cone angle parameter β = r n . Denote by V ∞ the section at infinite place of X and V ∞ the birational transform of (V ∞ ) A 1 . Then
n , we get:
we have:
The above construction works for any Kollár component. From now on we assume that (V, ∆) is K-semistable and S minimizes the normalized volume, i.e. it satisfies
where V 0 denotes the canonical divisor obtained by blowing up the vertex of the cone and we aim to show S = V is the canonical component. We note that by Proposition 4.6 , we know that vol(ord V0 ) is the minimal normalized volume. Then we have:
In Section 4.2, we have used the filtration induced by a valuation (see also [BHJ15, Fuj15] ). Here we use the same construction but for sections on the projective cone instead of the base.
Definition 5.2 (Filtration by valuation). Fixed a valuation
x S m ⊂ S m to be a decreasing filtration (with respect to x) as follows:
On m=0 S m , we define FS (t) = F kt S k . Then the volume is defined to be
Proposition
Proof. By Theorem 1.4, we only need to check this is true for C * -equvariant special test
, where we consider the test configuration over P 1 by adding a trivial fiber over {∞}. Consider the closure of V ⊃ V ∞ ×(P 1 \{0}). As (1+r)V ∼ Q −(K X +D), we know that if we denote by L the polarization on the test configuration extending L, then
as X is smooth along the codimension 2 points over 0 and so there is no different divisor. Then the generalized Futaki invariant of (X ,
Since V ∞ ∼ L and δ = r n+1 n , it's easy to verify that the generalized Futaki invariant of the induced test configuration of (V, ∆) is
Recall the log-K-semistability is equivalent to the log-Ding-semistablity (see e.g. [Fuj16] ). Then the second part is a standard generalization of [LL16, Proposition 4.5] to the log setting, and we skip it.
The key calculations are given by the following results proved in in [LL16] .
Proposition 5.4. Suppose (V, ∆) is log-K-semistable. If S is a Kollár component obtaining the minimum of vol over (X, o), then the graded filtration induced by S satisfies the following two conditions:
vol(ord S ) . We have:
Proof. By Proposition 5.3, we know (X, D + (1 − β)V ∞ ) is log K-semistable. Then it follows from precisely the equality case of the Formula (25) and (29) in [LL16] .
Lemma 5.5. We have τ =
Proof. Combining 1 and 2 in Proposition 5.4, we know that
By arguing as in [Fuj15] (see also [Liu16] ), we know that:
Lemma 5.6. We know τ is the nef threshold, i.e.
Proof. When the point is smooth, this follows from [Fuj15, Theorem 2.3(2)]. Exactly the same argument can be used to treat the current case.
Theorem 5.7. If S is a Kollár component obtaining the minimum of the normalized volume, then S is the canonical component V 0 .
We first show the following statements.
Lemma 5.8. 1. ρ * L − τC is base-point-free, and contracts Y to S ∞ ( ∼ = S) ⊂C as the section at the infinite place.
2. A X,D (S) = r and there is a special test configuration degenerating (V, ∆) into (E, ∆ E ).
Moreover, there is a special test configuration of (X,
which is indeed an isomorphism, where DC is the intersection ofC with
Proof. The proof of this part is along the similar line in [Liu16, Proof of Lemma 33]. First we observe the following restrictions of ρ * L − xC:
So by Lemma 5.6, it is easy to see that ρ * L − xC is ample when x ∈ (0, τ ). To show that ρ * L − τC is base-point-free, we calculate by using (8):
Notice that:
Because this is satisfied for
the first statement holds by base-point-free theorem [KM98, Theorem 3.13]. Next we claim that
for any m sufficiently divisible. To see this, we consider the exact sequence:
and its associated long exact sequence of cohomology groups. By the above discussion, and
is ample, it follows from the Kawamata-Viehweg vanishing theorem that
We also have
as τ is also the pseudo-effective threshold. Thus we know |m(ρ * L − τC)| contracts the fiber W × A 1 {0} toC for sufficiently divisible m. This finishes the proof of (1). We denote by θ : W → X the induced morphism and there is an ample line bundle L on X such that
Next we prove (2). Let (D A 1 ) X be the push forward of (D A 1 ) W on X . Then −K X − (D A 1 ) X and (1 + r)L coincide outside X 0 , they must be linearly equivalent on the whole X because X 0 is irreducible. In particular, they are linearly equivalent when restricted to X 0 .
Since
Similarly, we have L| X0 ∼ Q τ S with τ = A X,D (S) r . Therefore,
which implies A X,D (S) = r and τ = 1.
while the degree of S is
The restriction θ| V∞ :
is ample. And the degree is 1 by the above calculation on degrees, which implies this is an isomorphism. We claim Y is indeed the P 1 -bundle over V ∞ induced by blowing up the vertex of X, S is a section and the morphism θ is just contracting the P 1 -bundle. Granted this for now, we then indeed have an isomorphism from (X,
To see the claim, let l be a curve contracted by θ, we want to show that it is the birational transform of a ruling line of X. To see this, since (ρ * (L)−C)·l = 0, we know that ρ * (L)·l = 1. So the image ρ * l of l in X is a line, and it passes through the vertex. Therefore, it is a ruling of the cone.
By the above proof, let V be the birational transform of (V ∞ ) A 1 on X , and H the extension of H A 1 \ {0} on X , we know that:
From this we easily see that S and V give the same component over the vertex.
The general case
In this section, we prove Theorem B in the general case. We first show that the cone case we prove in Section 5.1 can be generalized to orbifold cone. Let T = C * .
Proposition 5.9. Let x ∈ (X, D) be a T -singularity. Assume a minimizer v of vol X,x is given by a rescaling of ord F for a Kollár component F , then v is T -equivariant.
Proof. Let a be an ideal whose normalized blow up gives the model of extracting the Kollár component F (see the proof of Proposition 3.11). Denote the degeneration of {a • } := {a p } by b := {in(a p )} (which in general is not necessarily equal to but only contains (in(a))
which we denote by c. In particular, for we can choose sufficiently small, and k sufficiently large, such that the log discrepancy
Thus by [BCHM10] we can construct a model Z → W = defn X × A 1 extracting only the irreducible divisor F Z which gives F over the generic fiber. Furthermore, we can assume −F W is ample over W and we denote by W 0 = X × {0}.
Therefore, W and Y ×A 1 where Y = W × A 1 {t} are isomorphic incodimension 1, with the exceptional divisors antiample over X × A 1 . Thus we conclude that they are isomorphic.
Proposition 5.10. Under the notation in Section 2.3, S is the unique minimizer among all Kollár components for vol (C,C∆) if and only if the same holds for
Proof. By Proposition 5.9, any minimizing Kollár component E of vol X,D is T -equivalent, therefore it is G = Z/d equivalent. So E is the pull back of a Kollár component on C (d) by Lemma 2.9, which can be only the canonical component obtained by blowing up the vertex by our assumption and Lemma 2.10.
Proof of Theorem B. We first notice that by Theorem 5.7 and Proposition 5.10, we know that for the coarse moduli space of an orbifold cone over a K-semistable log Fano pair, the only Kollár component which minimizes the normalized volume function is given by the canonical component.
Now we consider the case of a general klt singularity o ∈ (X, D). Let us assume that there is another component F such that
in particular, they take the minimal value of vol X,o by Theorem A.
Let W → B be the family which degenerates X to X 0 = Y 0 ∪C, where Y 0 ∼ = Y extracting S over X andC is the the coarse moduli space of the orbifold cone over S =C ∩ Y 0 . Then we argue as in the proof Proposition 5.9: Let a be an ideal whose normalized blow up gives the model of extracting the Kollár component F (see the proof of Proposition 3.11). Denote the degeneration of {a
where the last inequality is from the assumption that S 0 is K-semistable and Theorem A. But mult(a) = mult(b • ) and lct(X, a) ≥ lct(C, b • ), we know that
Thus by [BCHM10] we can construct a model Z → W extracting only the irreducible divisor F Z which gives F over the generic fiber. Furthermore, we can assume −F W is ample over W and after a base change, we can assume F W | X0 is reduced.
We claim that Z 0 → W 0 also only extracts a Kollár component. In fact, locally over the vertex v ofC, since
Thus we conclude that the volume of the model Z 0 is equal to vol X,o (F ), which is equal to the minimum of the normalized volume volC ,v . It follows from the argument in the proof of Theorem C that over v, Z 0 → W 0 yields a Kollár component F 0 . By the proof in the cone case Theorem 5.7, F 0 has to be the same as the canonical component S 0 . In particular, this implies that the birational transform P ofC in Z is the extract of the canonical component.
Thus there is a morphism P → S. Let l be the fiber class of P → S. Consider K Z + µ −1 * (D A 1 ) + F Z , which satisfies that
is anti-ample,
Hence we know that there is a morphism Z → W which contracts P and W admits a morphism χ : W → X A 1 . Restricting over 0, the central fiber is the birational model µ : Y → X which extracts S. On the other hand, let µ F : Y F → X be the birational model which extracts the Kollár component F .
As Y F × A 1 and W is isomorphic in codimension 1, if we denote by F W the push forward of F Z on W , we have
Consider the central fiber over 0, this implies that Y F = Y .
Minimizing Kollár component is K-semistable
In this section, we aim to prove the a Kollár component is minimizing only if it is Ksemistable. The method used in the proof of this result is motivated by a method used in the study of toric degenerations (see [Cal02, Section 3 .2], [AB04, Proposition 2.2] and [And13, Proposition 3]). In particular this method allows us to reduce two-step degenerations to a one-step degeneration.
Proof of Theorem D. By Proposition 4.6 we know that the canonical valuation of (
D ) minimizes the normalized local volume if and only if (S, ∆ S ) is K-semistable. Thus by Proposition 4.9, to show that (S, ∆ S ) is K-semistable, it suffices to show that the canonical component is a minimizer of vol X0,D0 for (X 0 , D 0 ) = defn (C, C D ), which is the special degeneration associated to S.
Let (X, D) be a Q-Gorenstein klt singularity with X = Spec C (R). Assume that S is a Kollár component that minimizes vol (X,D;o) and appears as the exceptional divisor in a plt blow-up X → X. Let ∆ S be the divisor on S satisfying K X + S| S = K S + ∆ S . By Theorem 1.3 (and Lemma 4.4), to show that (S, ∆ S ) is K-semistable, it suffices to show that
. Let (Y, E) be the associated special degeneration which degenerates (X 0 , D 0 ) to a pair (Y 0 , E 0 ) where Y 0 is an orbifold cone over (F, ∆ F ). Then we have a Z ≥0 × Z ≥0 -valued function on R:
We give Z ≥0 × Z ≥0 the following lexicographic order: (m 1 , u 1 ) < (m 2 , u 2 ) if and only if m 1 < m 2 , or m 1 = m 2 and u 1 < u 2 . If we denote by Γ the valuative monoid and denote the associated graded ring by
then it's easy to see that Y 0 = Spec C (gr w R). We will also denote:
Then Spec C (A) = X 0 = Y . Moreover if we define the extended Rees ring of A with respect to the filtration associated to ord F :
In particular, we have
Pick up a set of homogeneous generatorsf 1 , . . . ,f p for gr w R with deg(f i ) = (m i , u i ). Lift them to generators f 1 , . . . , f p for A such that f i ∈ A mi . Set P = C[x 1 , . . . , x p ] and give P the grading by deg(x i ) = (m i , u i ) so that the surjective map
given by
is a map of graded rings. Letḡ 1 , . . . ,ḡ q ∈ P be a set of homogeneous generators of the kernel and assume deg(ḡ j ) = (n j , v j ). Sinceḡ j (f 1 , . . . ,f p ) = 0 ∈ gr w R, it follows
By the flatness of A over C[t], there exist liftings g j ∈ḡ j + (P nj ) >vj of the relationḡ j such that
So g j s form a Gröbner basis of J with respect to the order function ord V , where J is the kernel of the surjection P → A. In other words, if we let K = (ḡ 1 , . . . ,ḡ q ) denote the kernel P → A 0 , then K is the initial ideal of J with respect to the order determined by ord F . As a consequence, we have:
. . ,g q ),
Now we lift f 1 , . . . , f p further to generators F 1 , . . . , F p of R. Then we have:
By the flatness of R over C[t], there exist G j ∈ g j + P >nj such that
Let I be the kernel of P → R. Then G j s form a Gröbner basis with respect to the order function w in (13) and the associated initial ideal is I. As a consequence, we have:
. In summary we have (C * ) 2 action on C p generated by two 1-parameter subgroups λ 0 (t) = t m and λ (t) = t u . λ 0 degenerates (X, D) to (X 0 , D 0 ) and λ degenerates (X 0 , D 0 ) further to (Y 0 , E 0 ).
We now claim that, for 0 < 1, there is a family of one parameter subgroups λ (t) : C * → (C * ) 2 such that the following conditions are satisfied:
1. λ (t) degenerates X to Y 0 . For this to happen, we need to make sure that the initial term of G j with respect to the weight function π defined by λ (t) is exactlyḡ j . For the latter condition to hold it suffices:
2. As → 0, λ → λ 0 in the sense that λ (t) → λ 0 (t) for any t ∈ C * .
3. For 0
Denote by B ⊂ Z × Z be the finite set consisting of the differences (n j , v j ) − (n j , v j ), together with 0 and the two generators of N × N. Let M be a positive integer that is larger than all coordinates of (m, u) − (n, v) for all pairs of elements (m, u), (n, v) ∈ B and let be sufficiently small such that 1 > M . Define
Then for sufficiently small, π is a linear projection π :
So by choosing M 1 so that 1 we see that indeed there is a family of linear projections π approaches π 0 which corresponds to ord S . We can define λ (t) to be one parameter subgroup corresponding to π .
Let λ = λ (t) be the C * -action induced by a choice of rational . Now we claim that Y 0 /(λ (t)) yields a Kollár component S over both (X, o) and (X 0 , D 0 ). Moreover the associated special degeneration has the central fibre equal to (Z, λ ). Because ord S is a minimizer on vol X,D , we have:
On the other hand, we have
It's known that vol Y0,E0 is a convex function with respect to . So we conclude vol Y0,E0 (ord F ) ≥ vol Y0,E0 (ord T0 ). As a consequence we have:
To see the construction of S , we define a filtration:
Then {F N R} is the weighted filtration induced by the weighted blow up C p → C p and the associated graded ring of the above filtration is isomorphic to gr w R with the grading given by the weight function λ . Denote the strict transform of X byX. Then the exceptional divisor X → X is isomorphic to S = Y 0 /λ by the discussion in Section 2.4. By Proposition 6.1, (S , ∆ ) = (Y 0 , E 0 )/λ is a klt log-Fano-variety and a Kollár component over (X, D; o).
Proof. For 0 < 1 with ∈ Q + , ξ generates a C * -action. We have a log orbifold C * -bundle π : (Y To transfer this to (X, o), we notice that the graded ring of w is isomorphic to gr wt C[Y 0 ]. The exceptional divisor of the filtered blow-up associated to w is isomorphic to Proj(gr wt C[Y 0 ]) which is isomorphic to (S , ∆ ). Since (S , ∆ ) is klt, by inversion of adjunction we know that the filtered blow up is indeed a plt blow up and hence S is a Kollár component over (X, o).
Examples
In this section, we find out the minimizer for some examples of klt singularities (X, o) = (SpecR, m). We note that by Proposition 2.4 and 3.11, this also explicit calculates
for all m-primary ideals a and gives the equality condition, which generalizes the results in [dFEM04] on a smooth point.
Example 7.1. We explicitly compute the minimizer for quotient, A k , E k and weakly exceptional singularities in the below.
1. (cf. [LL16, Example 4.9]) Let (X, o) = (C n , 0)/G be an n-dimensional quotient singularity. Let E ∼ = P n−1 be the exceptional divisor over C n obtained by blowing up 0. Then denote by S the valuation over (X, o) which is the quotient of E by G. Applying Lemma 2.9 to the pull back of Kollár components on X, we know that vol X,o (ord S ) ≤ vol ord E for any Kollár component E over (X, o). So vol X,o minimizes at ord S with vol X,o (ord S ) = n n |G| .
2. Consider the n-dimensional A k−1 singularity:
We consider cases when k > 2(n−1) n−2 (for other cases, see [LL16, Example 4.7] ). We want to show that the valuation corresponding to the weight w * = (n − 1, · · · , n − 1, n − 2) is a minimizer among all valuations in vol X,o . In [Li15a, Example 2.8], these are computed out as the minimizer among all valuations obtained by weighted blow ups on the ambient space C n+1 .
We notice that under the weighted blow up corresponding to w * , we have a birational morphism Y → X with exceptional divisor S isomorphic to the weighted hypersurface
Because P w * ∼ = P(1, · · · , 1, n − 2), it is easy to see that S is isomorphic toC(Q, −K Q ) where
On the other hand, because P w * is not well-formed, we have codimensional 1 orbifold locus along the infinity divisor Q ∞ ⊂ S with the isotropy group Z/(n − 1)Z. So the corresponding Kollár component is the log Fano pair S, (1 − 1 n−1 )Q ∞ . Because Q ∞ has KE, by [LL16] there is a conical KE on the pair S, (1 − 3 )Q . By [LS14, Li13] , (V, ∆) is log-Ksemistable and degenerates to a conical Kähler-Einstein pair. So by [LL16] , we know that (E, (1 − β)V ∞ ) is log-K-semistable. To determine β, we notice that
So β = 1 and we conclude that the unique (strictly) K-semistable Kollár component is indeed the Q-Fano variety E.
(e) n + 1 ≥ 6. Under the weighted blow up corresponding to w * = (n − 1, . . . , n − 1, n − 2, n − 2), we have a birational morphismX → X with exceptional divisor E isomorphic to the weighted hypersurface: E = {z 2 1 + · · · + z 2 n = 0} ⊂ P(n − 1, · · · , n − 1, n − 2, n − 2) =: P(w * ). This is the weighted projective cone over V = {z 2 1 + · · · + z 2 n = 0} ⊂ P(n − 1, · · · , n − 1, n − 2).
By the discussion in the above A n k−1 singularity case, we know that as an orbifold, (V, ∆) = C (Q, −K Q ), (1 − 1 n−1 )Q ∞ , which has an orbifold Kähler-Einstein metric. Notice that −(K V + ∆) = (n(n − 1) + n − 2)H| V − 2(n − 1)H| V = n(n − 2)H| V .
By [LL16, Theorem 1.7], the Q-Fano variety E indeed has an orbifold Kähler-Einstein metric (β = n/n = 1 at infinity) and hence by Theorem A is the unique K-semistable (actually K-polystable) Kollár component.
We remark that, however, in the case of D k+1 singularities, since the valuations computed out in [Li15a, Example 2.8] could be irrational, our method can not directly tell whether it is a minimizer in Val X,o . 4. A notion called weakly-exceptional singularity is introduced in [Pro00] . As the name suggested, this is a weaker notion than the exceptional singularity introduced in [Sho00] , which forms a special class of singularities in the theory of local complements. In our language, a singularity (X, o) is weakly-exceptional if and only if it has a unique Kollár component S. We know that if a singularity is weakly-exceptional, then the log α-invariant for the log Fano (S, ∆ S ) is at least 1 (see [Pro00,  The following example is indeed a prototype of our study.
Example 7.2. If a log terminal singularity o ∈ X has a quasi-regular Sasakian-Einstein metric, then the C * -quotient provides a Kollár component which minimizes vol x,X .
1. r : X − {o} → R >0 is a smooth radius function, L = {r = 1} ⊂ X is the link of the isolated singularity (X, o). Since ξ ∈ R d is an irrational vector, we can approximate it by a sequence of rational vectors {ξ k } ⊂ RC ∩ Q d . Each ξ k generates a G m -subgroup G k of T, and we get a sequence of quotients X/G k = (V k , ∆ k ). It is easy to see that V k are all Kollár components. It is possible to show that a suitable rescaling c k · ord V k converges to a minimizer of vol (X,o) , which corresponds to the vector field σ ξ . The details will be discussed in a future work.
As we mentioned, there is a related differential geometry study on the metric tangent cone.
Example 7.3. In the notation of [DS15] , let p ∈ Z be a singularity appearing on the GromovHausdorff limit of a sequence of KE Fano manifolds. Assume the Reeb vector of the weight tangent cone W is quasi-regular, then the C * -quotient of W indeed gives a minimizer of p ∈ Z.
Assume (X, o) is an algebraic germ on a normal affine variety that is embedded into C N . Assume that we have a weight vector w = (a 1 , . . . , a N ) ∈ Z N >0 satisfying that there is no common factor of a i . Then it defines a filtration on R = O X,o : F k = {f ∈ R; there exists g ∈ O C N ,o with g| X = f and w(g) ≥ k}.
From this we can form the Rees algebra and extended Rees algebra:
where F k = R if k ≤ 0. We also have the associated graded ring of (R, F):
In our discussion, we always assume that G is a finitely generated C-algebra that is also a normal domain. Then we can get a normal affine variety W = Spec(G). As in [DS15] , we call W to be a weighted tangent cone of (X, o). Notice that there is a natural C * -action on G and hence it is an orbifold cone over the base E = Proj(G) (by Pinkham-Demazure's construction).
On the other hand, the weight w defines a weighted blow up π w : C N → C N given by:
where A k = {g ∈ C[z 1 , · · · , z n ]; w(g) ≥ k}.
Notice that the exceptional divisor of π w is the weighted projective space with weight w. We have the following observation, which implies that the discussion can be put in the setting of filtered blowing-ups as studied in [TW89] .
Lemma 7.4.
1. If Y denotes the strict transform of X under π w , then Y = Proj(R). In particular the Rees algebra R is finitely generated. Moreover, the exceptional divisor of the natural birational morphism Y ψ −→ X is isomorphic to E.
The filtration F = {F
k } k≥0 is the same as the filtration induced by the divisorial valuation ord E .
Proof. Denoting by ι X : X → C N the embedding morphism, then F k in (14) coincides with the inverse image ideal ι If (X, o) is a klt singularity appearing in a Gromov-Hausdorff limit of a sequence of Kähler-Einstein Fano manifolds, Donaldson-Sun ( [DS15] ) constructed an affine variety W using the metric structure on the Gromov-Hausdorff limit and showed that it specially degenerates to the metric tangent cone C(Y ). The degeneration can be realized under a common embedding of W and C(Y ) into some ambient C N . More precisely W is a weighted tangent cone associated to some weight under the common embedding. The weight is determined by the Reeb vector field of the singular Ricci flat metric on C(Y ). If the Reeb vector field is quasiregular, that is, if it generates a C * -action, then the weight can be normalized to have integer components so that we are in the situation discussed above. Moreover it is shown in this case E = W \ {0}/C * specially degenerates to C(Y ) \ {0}/C * and C(Y ) \ {0}/C * admits a weak Kähler-Einstein metric (see [DS15] ). This implies E is analytically K-semistable, which then implies it is (algebraically) K-semistable. So we can apply our result Theorem A to see that ord E is indeed a global minimizer of vol over (X, o), which is the unique minimizer among all Kollár components.
